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ABSTRACT

Accurate signal recovery from under-determined system of equations is a topic of consid-
erable interest. Compressive sensing (CS) gives an approach to find a solution to this system
when the unknown signal is sparse. Regularized modified CS (noisy) propose an approach to
find the solution to the under-determined system of equations when we are provided with 1-
Partial part of signal support denoted by T" and 2- A prior estimate of signal value on this
support denoted by p7. In many applications, e.g sequential MRI reconstruction, the sparse
signal support and its nonzero signal values change slowly over time. Inspired by this fact, we
propose an algorithm utilizing reg-mod-CSN for sequential signal reconstruction such that the
prior estimate of T' and ur is generated from the previous time instant.

Our major focus in this work is to study the ”stability” of the proposed algorithm for re-
cursive reconstruction of sparse signal sequences from noisy measurements. By 7stability” we
mean that the number of misses from the current support estimate; the number of extras in it;
and the £ norm of the reconstruction error remain bounded by a time-invariant value at all
times. For achieving this goal, we need a signal model that can represent the sequential signals
in real applications. It should satisfy three constraint; 1- The distribution of the signal entries
should follow the same distribution as real sequential signals; 2- It follows the same evolutionary
pattern as the real sequential signals over time and 3-The signal support changes dynamically
over time. In the two proposed signal model, we tried to satisfy these three constraints. Using
these signal models, we analyzed the performance of the proposed algorithm and found the
condition such that the system remain stable. These conditions are weaker in compare with
older methods like CS and mod-CS. At the end, we show empirically that reg-mod-CS achieves

a lower reconstruction error in compare with mod-CS and CS.
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CHAPTER 1. Introduction

1.1 Motivation

Recovering sparse signal from under-determined system of equations is a topic of interest
in many areas. In medical applications (e.g. MRI imaging, CT imaging) fast signal recovery is
quiet important. The time that the system spends on data acquisition is inappropriate in a sense
that expose the patient with radiation for a longer time or make a poor reconstruction because
of motion artifact. There are cases that one need to scan a particular part of body over a time
sequence, e.g. sequential MRI imaging. In these cases the object may have small variations
over time. This limited variation spark the idea of using past information to reconstruct the
current time signal. If this initial information help to reconstruct the signal with lower number

of measurements, that can lead to a gain in scanning time.

1.2 Notation and problem definition

The set operations U, N, \ have their usual meanings. () denotes the empty set. We use
T to denote the complement of a set T" w.r.t. [1,m] :=[1,2,...m], i.e. T¢:=[1,m|\T. |T|
denotes the cardinality of T'. For a vector, v, and a set, T', vp denotes the |T'| length sub-vector
containing the elements of v corresponding to the indices in the set T'. ||v||; denotes the £; norm
of a vector v. If just ||v|| is used, it refers to ||v||2. Similarly, for a matrix M, ||[M]|x denotes
its induced k-norm, while just ||M]| refers to || M||2. M’ denotes the transpose of M. For a fat
matrix A, Ar denotes the sub-matrix obtained by extracting the columns of A corresponding
to the indices in 7.

We obtain an n-length measurement vector y; by
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yr = Az + wy

Ais an m x n (m < n) matrix that we call the measurement matrix. x; is an n length sparse
vector with support N, y; is the n length observation vector and w; is the m length noise
observation vector with |lw]| < p. We assume partial knowledge of support and denote it by
T;. Also we assume partial knowledge of the signal estimate on 7T}, and denote it by (p¢)r,.
The signal estimate is assumed to be zero along T;°.

Our goal is to recursively estimate z; using y1,...y;. By recursively, we mean, use only y;
and the estimate from ¢t —1, Z;_1 to compute the estimate at time t. Recursive recovery ensures
both computational and storage complexity remains the same as that of simple CS (CS done
for each time instant separately).

The S-restricted isometry constant dg, for a matrix, A, proposed in [1], is defined as the
smallest positive number satisfying

(1= ds)lell® < [[Are]| < (1 + ds)lc]|”

for all subsets of T' with cardinality |T'| < S and all real vectors ¢ of length |T'|. The S, 5’
restricted orthogonality constant , g g/, proposed in [1], is defined as the smallest real number

satisfying
(Apyc1, Apyco) < Ogsrlctll] ezl

for all disjoints sets T1,T5 with |T1| < S, |Tz] < 5" and S + S" < m, and for all vectors cy,co of

length |T1],|T%| respectively.

Definition 1 (T3, A¢, Acyt). We use Ty to denote the support estimate at time t from the
previous time t — 1. We use Ay := Ny \ Ty to denote the unknown part of the support estimate

and Acy :=T; \ Ny to denote the “erroneous” part of T;.

Definition 2 (Tt, A, Ae,t). We use Ty to denote the final support estimate at current time t.
We use A, := N, \ T, and Ae,t =T, \ NV .

1.3 Past works and our contribution

The problem of recovering unknown signal form under-determined system of equations has

attained-adot-ofattentionin recent years. Compressive sensing(CS) is a novel approach which
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direct this problem for sparse or compressible signals( [1], [2], [3], [4]). We obtain an n-length
measurement vector y by

y=Ar+w

Ais an m x n (m < n) matrix that we call the measurement matrix. x is an n length sparse
vector, y is the m length observation vector and w is the m length noise vector such that
Jw]] < p.

One approach for sparse signal reconstruction is to consider all possible signals that satisfy
certain level of sparsity and searching the true signal among all of these candidates. In other

word, we are looking for the sparsest solution such that satisfy the data constraint

min [[Bllo st [ly—AB| <p

This problem gives the true solution if d; < 1 which NN represents the support set of signal =
and |N| denotes the cardinality of this set. Actually this problem is NP-hard and interactive.
In [5] for the noiseless case, it was shown that under certain conditions, this problem can be
solved via convex relaxation. Compressive sensing attempts to reconstruct sparse signal x, by
solving

min[|flly st [ly—AB| <p

the succession of the optimization problem depends on matrix A and sparsity level of signal
x. More precisely, in the noiseless case, this problem gives the exact solution if dp < @
For the noisy case, an error bound was proposed in [6], which gives the reconstruction error
proportional to p.

There are many algorithms proposed for solving these two optimization problems ( [7], [8],
[9], [10], [4], [11]). Classical CS assume that we are not provided with any prior information
about the signal value and signal support. But in some cases, the observer has been provided
with some information about the signal. There are many works that tried to employ this prior
information ( [12], [13], [14], [15]). Suppose that we are provided with partial part of the signal
support T'C N where N is the signal support. Modified-CS(mod-CS) [16] tries to find a signal

that is sparsest outside of 1" and satisfies the data constraint. It tries to reconstruct signal z,

www.manaraa.com



by solving
min [|fre1 st |y —AB| < p

Mod-CS shows that sparse signal, z, is recoverable under much weaker conditions in compare

V2-1

with CS. More precisely, for the noiseless case, it gives the exact solution if dj7|19)a| <
In addition to the partial knowledge of support, it is possible that we have been provided with
an initial guess of the signal value on this support, pp, such that |z — pp|| < where 7 is an
scalar.

In this work [17], we first propose two convex optimization problem, reg-mod-CSN and
reg-mod-BPDN, to use these extra information for signal recovery. Regularized modified
CS(noisy)(reg-mod-CSN) is the noisy relaxation of regularized modified CS (reg-mod-cs) pro-
posed in [16]. Reg-mod-CSN and reg-mod-BPDN try to find a signal that is sparsest outside
of T'; is "close” enough to up on T'; and satisfies the data constraint.

There are many examples in sequential signals that both the sparse signal’s support and
its nonzero signal values change slowly over time. This assumption has been empirically veri-
fied in earlier work [16] for medical image sequences. Using this characteristic, we propose an
algorithm that utilize reg-mod-csn for sparse reconstruction over time. At each time instant,
it gives an initial guess about the current time signal support and value by using the recon-
structed signal form the previous time.

Other algorithms for recursive reconstruction include our older work on Least Squares CS-
residual (LS-CS) and Kalman filtered CS-residual (KF-CS) [18-20]; modified-CS [16]; homotopy
methods [21] (use past reconstructions to speed up current optimization but not to improve
reconstruction error with fewer measurements); and [22] (a recent modification of KF-CS).
Another recent work on CS for time-varying signals [23] proposed a series of causal but batch
approaches that assume a time-invariant support.

Two other algorithms that are also designed for static CS with partial knowledge of support
include [24] and [25]. The work of [24] proposed an approach similar to modified-CS but did
not analyze it and also did not show real experiments either. The work of [25], which appeared
in parallel with modified-CS, assumed a probabilistic prior on the support.

‘The proposed-tecursive-algorithm estimate x; using y; and the estimate from ¢t — 1, Z;_1 to
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compute the estimate at time ¢. So the current reconstruction error depends on how well the
previous time signal was estimated. In the other word, we like the reconstruction error to remain
bounded by a time independent. Otherwise, the initial guess may mislead the reconstruction
process in a way that the solution goes far from the true signal. In this work, we study
the ”stability” of Regularized modified CS(noisy) for recursive reconstruction of sparse signal
sequences from noisy measurements. By ”stability” we mean that the number of misses from
the current support estimate; the number of extras in it; and the 5 norm of the reconstruction
error remain bounded by a time-invariant value at all times. The concept is meaningful only
if the support error bounds are small compared to the signal support size.

To the best of our knowledge, stability of recursive sparse reconstruction algorithms has
not been studied in any other work except in older works [20,26] for LS-CS and modified-CS
respectively. The limitation of the result of [20] was that it assumed a signal model where
support changes are only allowed every-so-often. But this assumption often does not hold in
practice, e.g. for dynamic MRI sequences, support changes occur at every time. This limitation
was removed in [26] where we used a signal model that allows support changes at every time t.
In this work, first we use the same signal model to get the stability results.

The signal model in [26] generate a signal which it’s energy at each time instant depends
on the evolution of the signal over time. In this work, we propose another signal model that
separate the distribution of signal vectors entries at each time instant from the evolution of the
entries over time. Under this new signal model, we also find the conditions which the system
remain stable. Our overall approach is also motivated by that of [26] for modified-CS. But
there are significant differences since for reg-mod-CSN, the current reconstruction also depends
on the previously reconstructed signal values (not just its support estimate), which makes its

stability analysis more difficult.

1.4 Thesis Organization

In chapter 2, we introduce reg-mod-CSN and reg-mod-BPDN which are two optimization
problems for recovering the unknown signal. In chapter 3, we propose two signal models.

These-models-include-the.distribution of the signal vector values at each time instant and its
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evolution over time. In chapter 4, an algorithm is introduced for applying reg-mod-CSN over
a time sequence. Furthermore, the stability of the algorithm output is analyzed. At the end,

conclusion is brought in chapter 5.
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CHAPTER 2. Sparse Signal Recovery from Noisy Measurements with
Partial Knowledge of Signal Support and Value

In this chapter we propose two optimization problem, reg-mod-CSN and reg-mod-BPDN,
for signal recovery via noisy measurements with partial knowledge of signal support. The
conditions where these convex problems have unique solution have been obtained. It also gives
the [ reconstruction error for these two method which are mostly based on the same procedure

in [27] and [5].

2.1 Regularized Modified CSN

In this section, we introduce regularized Modified CSN and derive the bound for its recon-
struction error. We consider the case where there is one measurement vector, y, and a signal
vector x.

y:= Az + w, where ||w|| <e€

Let N denote the support of z, i.e N := {i : |x;| > S} where f € R. Assume that we know
partial part of support denoted by 7. We define A = N\T. In addition to the measurements

and partial knowledge of signal support, T, we know that signal = satisfies

lzr — prllz < v

where pr is the partial knowledge of the signal estimate on 7. Regularized Modified CSN

solves the following problem.

min |[Bre|[1 st ||y — APl < e and [|r — prf2 <~ (2.1)

The following theorem gives the sufficient conditions where reg-mod-csn have a unique solution

bound for this solution
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Theorem 1. Let u := |T| and k := |A|. Assume that §, < 1, 1 — 0o, — O 2, > 0 and

|z — prl| <. Then the solution & to (2.1) obeys
||$ - §Z” < C’u,ke + Dqu’y + Eu,ke()(T, A) (2.2)
where

e s T
R 1 — 0o, — Op 21

22+ 20 kg,

Dug =
ok 1 — o, — Op 2k
Ok 2k (V2 + 1)0y 1 Ou
— 9 ) 2 1 3
o G B A B
i c
eo(T.A) 2|| ruayells

1

Proof: Proof is given in Appendix .

2.2 Regularized Modified-BPDN

In this section we introduce the regularized Modified CSDN and derive the bound for it’s
reconstruction error. like the previous section, we consider the case where there is one set of

measurements y and a signal vector x.
y:= Az + w, where ||w|] <€

Let N denote the support of x, i.e N := {i : z; > 0}. Assume that we know partial part of
support denoted by T. We define A := N\T . Also we assume partial knowledge of the signal
estimate on T', and denote it by fir.

Regularized modified-BPDN solves the following problem.
1 2 1 SN2
min 2 ly — B + Mo — rl3 + A lrels (23)

In the following definition, we first define some variables that will be used repeatedly through

the thesis.
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Definition 3. Let

Qr(8) = (Apsarus + 2| T ) (2.4)
Os Oss

cer(S) = Qr(S) ™ (ATusy + Mirus) (2.5)

EMﬂﬂsAy=a—£ﬁﬁmgﬂhgrUgM&m) (2.6)

My &1 — Ap(Ap' Ap + M) ' A (2.7)

Notice that for simplification, through the rest of report we use Q(S), ¢(S), ERC(T,S), M
instead of Q7 (S), c¢r(S), ERC(T,S,\), Mt . In the following lemma we bring the conditions
under-which the problem (2.3) has a unique solution and we calculate the lo distance of this

solution from the true signal.

Theorem 2. Let uw=|T| and k = |A|. If Ax has full rank, and :

1. ERC(u,k,\) >0

—Ac(A
2 72 Mgl

Then

1. The function in (2.3) has a unique minimizer .

2. The error can be bounded by the following formula

[ =22 < W\/E\/H(A’TAT + M) AT AAR + 1[(ARAMAN) T+ [AQ(A) ™ (zrua — Arua)ll + [Q(A) ™ A7,

Proof: The proof has given in Appendix.

In the next lemma we rewrite the condition 1 and 2 of lemma 2 in terms of RIP and ROP

constants. We do the same thing for (2.8).
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Lemma 1. If Ax has full rank, and
1. X > max(0, g1(u, k), g2(u, k))
2. min(1 — & — Oy, 1 — 6 — VkOi1) > 0

3. v > Ha(u, k, \, ||zrua — firuall)

then

1. The function in (2.3) has a unique minimizer &
2. ||z = &ll2 < vf1+ fellzrua — Aroall + fsllwll

where

92

1 =0k — Oy
92k+\/E0uk9ul

u k) = =1+ 6, + — -
92( ) 1—5k—\/E9]€,1

0( +k,1) ~ 0 +k,1(\/M)
(u. ) = A i=sn—ap 1rua — froall + (U + grassrsi—sn—a. 7)€
k) =

eu 1
Ok,1+ Susk )

1-— \/E—z—l ‘;’”:

1=0k— 501

and fi = fi(u,k,\)  i=1,2,3

1
+1- 2.
k= 18,4+
k, A 2.1
Falu b, A) = min(1 — o, + A, 1—0) — Oui (210)
V 1+ 5u+k

= 2.11

Fs(u, k. A) min(l — §, + A, 1 —8;) — Oy ( )
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CHAPTER 3. Signal Models for Sparse and Compressible Sequential

Signals

In this chapter, we bring two signal models that we will use for analysing our sequential
algorithm in next chapter. Signal model I and signal model II have been defined in section 3.1

and 3.2. At section 3.3, we compare the advantage and artifacts of the both signal models.

3.1 Signal Model 1

The proposed algorithm does not assume any signal model. But to prove its stability, we
need certain assumptions on the signal changes over time. We use the Signal Model introduced
in [26] as our signal sequence over time.

Assume the following

1. (addition) At each t > 0, S, new coefficients get added to the support at magnitude 7.

Denote this set by A;.

2. (increase) At each ¢t > 0, the magnitude of S, coefficients which had magnitude (j — 1)r
at t — 1 increases to jr. This occurs for all 2 < j < d. Thus the maximum magnitude

reached by any coefficient is M := dr.

3. (decrease) At each ¢t > 0, the magnitude of S, coefficients which had magnitude (j + 1)r

at t — 1 decreases to jr. This occurs for all 1 < j < (d—1).

4. (removal) At each t > 0, S, coefficients which had magnitude r at t — 1 get removed from

the support (magnitude becomes zero). Denote this set by R;.

5. (initial time) At ¢ = 0, the support size is Sp and it contains 25, elements each with

d-— 1)r, and (Sp — (2d — 2)S,) elements with magnitude M.
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Notice that, in the above model, the size and composition of the support at any ¢ is the
same as that at ¢ = 0. Also, at each ¢, there are S, new additions and S, removals. The new
coefficient magnitudes increase gradually at rate r and do not increase beyond a maximum
value M := dr. Similarly for decrease. The support size is always Sy and the signal power is
(So — (2d — 2)S,)M? + 28, Z;l;% 42r2. To understand the implications of the assumptions in

Signal Model , we define the following sets.
Definition 4. Let

1. Dy(j) == {i: |xes| = jr, |xe—14] = (j +1)r} denote the set of elements that decrease from

(j + D)r to jr at time, t,

2. It(j) == {i: |xeq| = jr, |xe—14] = (j — 1)r} denote the set of elements that increase from

(j — Dr to jr at time, t,

3. S¢(3) =={i:0 < |x;| < jr} denote the set of small but nonzero elements, with smallness

threshold jr.
4. Clearly,

(a) the newly added set, A; := I;(1), and the newly removed set, Ry := D¢(0).

(b) [1(j)| = Sa, [De(5)] = Sa and |Si(j)| = 2(j — 1)Sa for all j.

Consider a 1 < j < d. From the signal model, it is clear that at any time, ¢, S, elements
enter the small elements’ set, S¢(j), from the bottom (set A;) and S, enter from the top (set
Dy(j —1)). Similarly S, elements leave S;(j) from the bottom (set R;) and S, from the top
(set I(j)). Thus,

Si(d) = Si=1(J) U (Ar U De(j — 1)) \ (Re U Li(5)) (3.1)

Since the sets Ay, Ry, Dy(j — 1), I;(j) are mutually disjoint, and since R; C S;_1(j) and [;(j) C

Si—1(j), thus,

Si—1(J) U A\ Ry = Si(§) U Le(5) \ De(j — 1) (3.2)
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3.2 Signal Model II

Inspired by [28], we propose a signal model in this part which basically relies on this fact that
in some application, e.g. MRI imaging, the signal vector entries will have limited variations.
We define k disjoint sets, Aj ... Ap C [l..n] such that Ay U Ay U...Ax = [1..n]. Let’s define
to...tr € R such that tg =0 < t; < .... <t and ¢ € R. We establish p € R" as following

ti1 t;
1—¢c'1+¢

i ~ P, x U( ) 1 € Aj
Where 0 < j <k and P; and U denote 1 — 2 x Bernoulli(%) and Uniform distribution.

At time t=0, we set xg = p. We build the signal, z € R", as follow
c c
(i)t = (@i)1—1 + P2 x 81 x Sz X JHit P3 x 53;/%'

where S1 = sgn(ui)sgn((i)i—1—pi) , S2 = sgn(1—sgn(|$ i —[(wi)e—1—pil)), Sz = sgn(|5pi| —
|(zi)t—1 — pi|) and P, P are random variables that return an integer form the sets {0,1} and
{—1,0,1} with the same probability.

Notice that So and S3 are two functions which return 0 and 1 if (z;);—1 = p; £ S, respectively,

otherwise they return 1 and 0.

3.2.1 Discussion of Signal Model

In this part, we focus on MRI Images and see how well the signal model can represent the
MRI image signals. As an example, we take a sequence of MRI images of the cardiac system
over 20 consecutive times. In Part (a) of Figure 1, the sorted form of the MRI coefficients in

wavelet domain has been plotted.

If we look at the sorted values of coefficients we can see that these coefficients can be split

in five categories based on their values that are independent of the time.

e A low fraction of large coefficients which constitute more than 0.90 of signal energy. In

this case these are less than 0.001 of the whole number of coefficients.

e A fraction of middle range values which constitute more than 0.094 of signal energy. In

thisscasestheresateddess than 0.015 of the coefficients.

www.manaraa.com



14

e A fraction of coefficients that have lower values and constitute more than .048 of signal

energy. In this case these are less than 0.22 of the whole number of coefficients.

e A fraction of coefficients that have lower values and constitute about .001 of signal energy.

In this case these are less than 0.01 of the whole number of coefficients.

e A large fraction of coefficients that have values near zero and constitute less than 0.001 of

signal energy. In this case these are more than 0.77 of the whole number of coefficients.

If we track the changes of coefficients over time, we observe that the deviations are bounded
by time independent values. This deviation is dependent on the value of the coefficient, e.g.
larger coefficients have larger variations and vice versa. In the proposed signal model, we have
considered this characterization and have bounded the variation of each coefficient. We use
parameter ¢ to do that. Therefore, for t # t/, it gives |(z;)¢ — (zi)p| < 2¢|pq|.

Based on these observations we choose k = 5 in the signal model and set |Aj] = 751,
|[Aa| =40, |As| = 210, |A4| =15, |[A5] =8 .

We set t1 = 8, to = 22, t3 = 100, t4 = 300 and t5 = 1400 which define the range where the
coefficients can change in each set.

In part (b) of Figure 1, we have plotted the sorted values of the sample signal which has
been generated by the proposed signal model. Notice that by these values the real signal
and proposed signal model energy are about 5.5 x 105, Moreover, the generated signal follow
close energy pattern of the MRI signals which was mentioned earlier. This is important in
compressive sensing since the support size can be assumed as the lowest number of coefficients
which accumulate a certain amount of energy.

Another fact which is important in the modeling is the variation of signal values over time.
The parameter s control this variation in a way that for ¢ € [1..n], we have |(z;); — (z;)i—1| =
c¢/s|pi|. By setting s = 20, we would have about 0.03 variation in signal energy over consecutive
times which is the same as the samples MRI sequence. Figure 1 shows the sorted coeflicients

of the generated signal. As it can be seen, the proposed signal model gives a closed model of

MRI signal.
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Figure 3.1 (a) Sorted MRI signal coefficient values in Wavelet domain (b) Sorted proposed
signal model coefficient values in Wavelet domain

3.3 Comparison of signal model I and II

In sequential signal modeling, we are interested in a signal model which satisfy three char-

acteristics
e [t has the capability such that the support set changes dynamically over time.

e At each time instant, it generates a signal which its entries distribution follow the same

distribution as the real signals.

www.manharaa.com




16

e It contains the mechanism that the signal entries evolve over time.

The signal model I has been designed in a way that it gives the first and third conditions. There
we saw that the signal entries are just limited to some certain steps that the distance between
the consecutive levels, define the signal changes over time. So in this case, the evolution of
signal over time is dependent on the signal energy at each time instant and it is not something
that happens in applications.

The signal model II is successful with the last two items but the signal support does not
change properly dynamically over time. This is actually true in MRI reconstruction but may
not hold in some applications like video surveillance.

More precisely, if we want to have a signal which have the same energy over time, it should
lie on the [y ball. Each signal vector is associated with one point on this ball and for the case
where we are limited to certain distributions, these points will be on different parts of balls and
have different distances. In other word, the evolution of the signal over time is not independent
of the distribution of the signal at each time instant. So it is hard that a signal model satisfy

all three items and we usually have a trade-off between those.
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CHAPTER 4. Algorithm for Sequential Reg-mod-CSN and Stability
Results

In this chapter, we bring algorithm which utilize reg-mod-csn and reg-mod-bpdn over time.
Furthermore, we will analyze the performance of the two algorithms over time and obtain the

conditions under which the reconstruction error is bounded by a time invariant value.

4.1 Algorithm for Sequential Regularized Modified CSN over time

Regularized Modified CSN was introduced in the previous section as the solution to the
problem of (2.1). In other word, Regularized Modified CSN is the solution to the problem
of sparse reconstruction (2.2) with partial knowledge of the support and signal value on the
known support. For recursively reconstruction a time sequence of sparse signals, we use the
support estimate from the previous time, T;_; as the set T and use the signal estimate from
the previous time on this support, (Z;—1)7 as the pp. At the initial time, ¢ = 0,we let T" be
the empty set, i.e we do simple CS. Therefore at t = 0 we need more measurements, mg > m.
Denote the mg x n measurement matrix used at t = 0 by Ap.

We summarize the Regularized modified CSN algorithm in Algorithm 1. Here a denote the
support estimation threshold. Consider that in step 3 of algorithm we update our support

estimation as 7| + at time ¢ .

4.2 Stability Results with Signal Model 1

In this part we are finding the conditions under which the error bound for proposed algo-
rithm remains bounded. For this purpose, we should develop the conditions for a certain set

of large coefficients to definitely get detected and the elements of A, to definitely get deleted.
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Algorithm 1 Regularized Modified CSN over time
For ¢t > 0, do

1. Simple CS. If t = 0, set Ty = ) and compute Z as the solution of
min |51 st [[yo — AoBll2 <€ (4.1)
2. Regularized Modified CSN. If t > 0, set T} = T,_1 and compute I; as the solution of
win [[Brefli st [ly — ABll2 < € and [|Br, — prlla <~ (4.2)
3. Estimate the Support. Compute T} as
Ty = {i € [Lim] : [(20)i] > a} (4.3)

4. Set p = &. Output ;. Feedback p and Tj.

In the following lemma we bring some simple facts that we use through the proof of Theorem

Proposition 1. In the third step of Algorithm 1 we have the following facts

1. Ani € Ny will definitely get detected if |x;| > o+ ||xy —Z¢||. This follows since ||zy— 3| >

lzr — Ttl|oo > |2e — T¢ls

2. Similarly, all © € Aeyt (the zero elements of Tt) will definitely not get detected if o >
lwt —Z¢||. This is true since if (x+); = 0 and (&¢); get detected as nonzero value (Z+);, then

a < ()i — (ze)i|| < ||we— 2| which is a contradiction with the assumption o > ||xy— 2.

Proposition 2. Under proposed Signal Model we have

(ze), — (Ze—1)1ll2 < ||Te—1 — Ze—1l]2 + / 2dSar

Proof: Proof is straightforward form the fact that by Signal Model we have ||z; — x¢—1]]2 <

\/2dS,r.

In the following theorem we bring the conditions that makes the error bounded by a time

independent value.
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Theorem 3 (Stability of Regularized Modified CSN over time). Assume the Signal Model
given above. For a dy such that 1 < dy < d, set S; = (2dy — 2)S,. If the following conditions

hold

. V2+1)0
1. min(1 —dg,,1 — das, — 0s,,25 — 22+ %)950’251) >0

9 o ng,sl e++/2dS,r
: - I—DSOVSI

3. a=Cg, 5,6+ Dgy 5,7

4. T satisfy
2C5s,,5,€

r=
do(1 — Dgy,8,) — 2Ds,8,v2dSa
(it ensures that dor > 2 x (Cs, s,€ + Ds, 5,7))

5. ng is large enough so that

| o — 2o [|I< Csy,5.€ + Dsy.5.7
Then we can conclude that
1. |Ty <80, |Ad <51
2. |lay — &]| < Csy.50€+ Dsy.5,7Y

Proof: Our approach for the proof is based on induction. Assume that the results hold at
t — 1. Using condition 2 and Proposition 2, we can show that ||z; — Z;—1|| < . Condition 2 is
meaningful when Dg, g, < 1 which is equivalent to the second term of condition 1.
Next, we try to show that |T;| < Sy and |A¢| < Sp. Finally, this, along with conditions 1 and 2
allows us to apply Theorem 1 to get the bound on ||z;—&;—1||. To show |T;| < Sp and |As] < Sy,
we first use the induction assumption, conditions 3 and 4 and Proposition 1 to bound |Tt_1]
and |A;_1]; and then use the signal model to bound |T;| and |A,;|. The complete proof is given

in the Appendix.
4.2.1 Discussion of Theorem

We can observe some results from Theorem 2. As we can see in the first condition of

------ needs two requirements to hold, ds, < 1 and 1—d25, —0g, 25, — >0
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(V2+1)0sq,5,

where v = 2(2 + 5
0

)0s,.25,. Consider the case where dg, = % and 0g, 25, = % then

it can be concluded that a = %. So the second requirement of condition 1 is simplified to

d2s, + Os, 25, < %. Since in practise Sp is small in compare with Sy, we can see that the

condition dag, + O, 25, < L will be satisfied easily.

We showed that if dg, = % and 0g, 25, = % then Theorem 2. Comparing these with the

results for modified-cs [26],05,+5, < ‘/52_1, we observe that reg-mod-CSN remain stable under

weaker conditions.
Also recall that CS results [5] needs a5, < v/2 — 1 that is an stronger condition in compare

with Jg, = 2 which we obtained for reg-mod-CSN.

4.2.2 Simulation Result

We compared regularized modified CSN, modified BPDN [29], modified CS [30] and simple
CS for different values of % . In Figure 1 we used Signal Model with m = 100, n = 50,
So = 20,30,40, S, =1, r = % and w; ~" uniform(—c,c) with ¢ = .05. 71 is the value of
in minimization problem (2.1) regularized modified CSN and 7, is the value of 7 for problem
(2) in [29] for modified BPDN respectively. The measurement matrix was random Gaussian.
The simulation results have been obtained by averaging over 100 samples. We set the a to
some value in the noise level(aw = .1). By this value it gives a fairly accurate estimate of
nonzero elements with a low number of falsely detections. In Figure 1 we showed a set of
plots. Normalized MSE (NMSE), average number of extras( mean of the |T; \ N¢| over the 100
simulations) and average number of misses (mean of |N; \ T;|) are plotted in parts (b) and (c).
Since in (b) and (c) the error was over 0.2 for CS, we just showed CS in (a). As it can be seen
in (a) (% =.2) reg-mod-CSN ;mod-BPDN and mod-CS are stable and works almost the same
(the errors are under 0.02) while the CS has a large error. In (b) as % is increased (% =.3)

modified BPDN and modified CS starts to become unstable( The NMSE is increased gradually

over time) while reg mod CSN is still stable( The NMSE remains under 0.02 over time). In the

So _

case where 20 = 4 all three methods become unstable.
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Figure 4.1 Normalized MSE (NMSE), number of extras and number of misses over time for
CS, modified CS, modified BPDN, and regularized modified CSN. In part (b) and
(¢), NMSE for CS was more than 20%.(plotted only in (a)

4.3 Stability Results with Signal Model 11

Theorem 4 (Stability of Regularized Modified CSN over time). Assume the Signal Model
given above. IF there exists 1 < ko < k such that So =n — [A1| — ... — |Agy—1], S1 = |Ag,|and

the following conditions hold

1. min(1 — dg,,1 — da5, — b5, 25,

2+1)0
—2(2+ %)9‘9@’251) >0

c
CSovS15 + \/;Dsoysl||l/'(A1U..UAk071)E||2
1—-Dg, 1_DSO!SI
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2E5,,5, tkg—1lAkg—1|+-+t1]A1]
_DSO,SI |Ak0|

1

g tteg—1
3. = Hotloot

tio—tkg—1
fo oy < oot

5. ng is large enough so that

| w0 — @0 |< Csy,5,€ + Dsy 5,7

trg—1lAkg—1l+-+t1]|A1]
+2Es,.5: ]

Then we can conclude that
1. |T;] < So , |A £ 54

2. ||zt — 24]] < Csy,5€ + Dsy.5,7

teg—1]Agg—1|+-+t1|Ad|
+2Bs0,5 K]

Proof: Our approach for the proof is based on induction. The condition 5 of the Theorem
2 gives the base case. For the induction step, assume that the results hold at ¢t — 1. By the

third step of Algorithm 1, we know that
Ty =T1 = {i € [Lm] : [(&-1)i] > o}
We define Ay = N¢\T; where
Ny ={ie[l,m]:[(xe—1)i] > thg—1}

Note that based on signal model N; = N where N = Ay, U ....UAj. By the choice of o in

the Theorem 2 and the Proposition 1, we can conclude that
Agor1 U .. UA, C Ty C Ay UL UA

This suffice to conclude that |T;| < Sp, |A¢| < S7. It remains to show the second conclusion of
the Theorem 2. For that, we use inequality (2.2). By the already obtained bound for |7;| and
|A¢|, we set u =Sy and k = S; and p = #4—1. The only thing that remains is to show that

()1, — (Z¢)7,_, || < . Notice that

@)zl < @)z = (@) nll + -1 = Zeal] (4.4)

www.manharaa.com



23

By using ||(z¢)1, — (ze—1)7, || < \/EM(AIUWUA,CO_I)C and using the assumption of the induction
for bounding ||x;—1 — Z¢—1]| and employing the condition 2 of the Theorem 2, we can conclude

that the right side of (4.4) is less than or equal to 7.

4.3.1 Discussion of Theorem

We can observe some results from Theorem 2. As we can see in the first condition of
Theorem 2, reg-mod-CSN needs two requirements to hold, ds, < 1 and 1—d2g, =05, 25, —x > 0

2+1)6 .
where ov = 2(2 + %)050,251. Consider the case where dg, = 2 and fg, 25, = % then

it can be concluded that a = g. So the second requirement of condition 1 is simplified to
025, + 03,25, < %. Since in practice S7 is small in compare with Sy, we can see that the
condition d2g, + 05, 25, < % will be satisfied easily.

We showed that if dg, = % and 0Og; 25, = % then Theorem 2. Comparing these with the
results for modified-cs [26],05,+5, < @, we observe that reg-mod-CSN remain stable under
weaker conditions.

Also recall that CS results [5] needs dag, < v/2 — 1 that is an stronger condition in compare

with dg, = 2 which we obtained for reg-mod-CSN.

4.3.2 Simulation Result

In this section we compare the reconstruction error of regularized modified CSN, modified
CS [16] and simple CS. The comparison has been made for different values of m.

MRI system generate the 2D Fourier of the object as measurements

Y = FOF' (4.5)

where O represents the object, Y represents measurement matrix and F' is the 2D Fourier
matrix.

Moreover, object O shows high sparsity in wavelet domain so we pick the wavelet domain as

our focusing domain

X = WOow’ (4.6)
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where W denotes 2D wavelet matrix. Using this, we can rewrite (4.5) as
Y =FWXW'F' (4.7)
By stacking Y and X into vectors y and z and setting A = (F' @ F')(W @ W') we would have
y= Az

which is the 1D version of the equation (4.7).

We used the proposed signal model with the same values of parameters as section 3.2.1 and
different values of m. we set kg = 2. We chose the support as N; = {i € [1,m] : |(z¢—1)i| > 16}
which on average contains more than 99% of energy.

We run the algorithm for three different values of m=400,500,600. The parameter « is cho-
sen based on the number of measurements. Notice that based on Theorem , the error bound
depends on ¢, v, |T'| and the signal residual z(7ya)e. This gives a key for choosing a. Notice
that for low values of «, we may count a lot of entries that leads to a large value of |T| and
lower value for x(pya)e. Notice that large |T'| makes the RIP constants get larger values and
consequently larger errors. So basically the choice of « is a tradeoff between |T'| and z(pua)e.
We are not interested to count the small value entries as the support, —T—, since z(rya)e
gets low values for these entries. As we in increase the number of measurements, we would
have larger values for RIP constants that increase the error bound. By the results of the ex-
periments, it is suggested that ones pick a larger o. Notice that |T| is updated based on the
reconstruction error from the previous time. Lower measurements means higher error, in other
words, the previous time reconstruction are less reliable and by choosing low value for «, we
may detects so many extra coefficients that actually does not contribute much to the signal
energy. This can be amplified over time and result in an unstable system(large error). Based
on the experiments, it is suggested that we chose larger values for a as m decrease.

For regularized modified CSN, « is set to 35,35, 30 for m = 400, 500, 600 and for modified
CS, « is set to 50, 50,40 accordingly.

iid

Noise is generated as wy ~"% uniform(—5,5). Condition 2 of the Theorem 2 gives us an

approximation-of-how-to-choose v. Notice that large v may gives and worthless constraint
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that turn the problem to the modified CS. From the other side, low values of v may give an
constraint that does not hold in reality and doesn’t let the algorithm to decide based on the
measurements. Through our experiments we choose v = 20.

In Figure 2, Normalized MSE (NMSE), average number of extras( mean of the |73 \ N¢|
over the 5 simulations) and average number of misses (mean of |N; \ T3|) are plotted in parts
(a), (b) and (c).

The simulation results have been obtained by averaging over 50 samples. As it can be seen
in (¢) (m = 600) reg-mod-CSN and mod-CS are stable and the errors are less that 0.01 while
the CS has a large error. In (b) as m is decreased (m = 400) all three methods get larger error
while reg-mod-CSN works the best followed by mod-CS and CS. In the case where m = 300 all

three methods all three methods get large errors and have close performance.
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Figure 4.2 Normalized MSE (NMSE), number of extras and number of misses over time for
CS, modified CS, modified BPDN, and regularized modified CSN generated signal
by signal model. In part (b) and (c¢), NMSE for CS was more than 20%.(plotted
only in (a)
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CHAPTER 5. Summary and Future Work

In this work, we focused on the problem of sparse reconstruction via partial knowledge of
support and an erroneous signal value estimate on this support. We proposed two optimization
problem (reg-mod-CSN and reg-mod-BPDN) which is based on the {; minimization proposed
in Compressive Sensing. We found the conditions which these two problems give an unique
solution and we found the error bound for each. We particulary proposed an algorithm using
reg-mod-CSN in sequential reconstruction in a way that the initial support and signal value
estimate is provided by the previous time estimate. Considering the stability of this algorithm,
we brought two signal models which represent the sequential signals over time. We developed
conditions which the system remain stable with these two signal models. we also discussed the
weak and strong point of the signal model and its impact on stability results. We also run
the algorithm with some random sample to test the efficiency of our method In the simulation
part, it was shown that using this algorithm leads to lower error bound with lower number of

measurements in compare with the former methods, e.g. mod-CS and CS.
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APPENDIX A. APPENDIX

A.1 Proof of Theorem 1

Here we consider the general case where the signal is not sparse. Let V' = [1...m]. Assume
that we know partial part of support denoted by 7. We redefine set N such that T C N C V.
To prove the Theorem, first let us get the following relation by using the fact that both z and
Z are feasible

[A(E = z)[2 < A2 = yll2 + [ly — Az[]2 < 2e (A1)

Basically our approach is a modification of the proof [5]. Let us write & = x + h. Our aim
in the rest of the proof is to make an upper bound for ||h||2. We decompose the vector h into
a sum of vectors. We define Ag = N\ T and A; for j > 1 as the the support of k largest
coefficient of hge with S; =T U U{;& A;. The plan of the proof is to bound ||hr||2, [[hasua, |2
and [[huasuag)ell2 -

Using the triangular inequality, we have [|hrua,ua,)ellz < Bj=2llha,ll2. For j > 1,

1ha, ll2 < k2 [lha, e < k7% |ha, |1 this leads to

1
[hruaguar)lle < Xj=allha;llz < ﬁ”h(TUAO)CHL (A.2)

Since & = x + h is the solution to (2.1) and both & and z are feasible, we have
lerelly = [[(z + h)7e 2

= llzae + haollt + 1z ruag)e + Aaruag:lh

> lzaglle = lhayll + 1h@uag)ll = 12 @uay)-lh

So then we have

Ihruag)llt < [1hagllt + 2[lzuag)- (A.3)
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First we bound [|hr[[2. To do that, observe that Ahr = Ah — Xj_gAha, and, therefore,
|Ahr||* = (Ahr, Ah) — (Ahr, Sj—gAha,)

Applying Cauchy-Schwartz, it follows from (A.1) and the restricted isometry and orthogonality

property that

(1= 8u)llbrl3 < V1 + dullhrll2(2€) + Ougllhrll2(Ei=0llha,ll2)

14 0y
1— 9y,

(20) + 5 (g, 1) (A4)

<
Iz < s

We can break the term Xj—o[|ha;ll2 = [[haoll2+1ha l2+2j=0llha; 2 Since [[ha,ll2+[ha,ll2 <
V2||ha,ua, |2, Using (A.2) we can conclude

1
Si=ollha, llz < V2lhagua, ll2 + ﬁ”h(TUAo)CHI (A.5)

Using (A.5) we can rewrite inequality (A.4) as,

146,
1—-4,

au,k

<
[hrll2 < s,

(2¢) +

1
(V2[hagua,ll2 + ﬁllh(mao)clll) (A.6)

In the next step we bound ||ha,ua,|l2. To do that we first make a bound for ||Ar||2. Since

both z and & are feasible and by using the second constraint of problem (2.1) we have

Ihrll2 = 21 — 2rll2 < |z — prllz + |37 — prlls < 2v (A7)
Same as previous step we can write || Aha,ua, ||% as

”AhAoUAlllg = (AhAoUAlaAh> - (AhAoUA17AhT>_

(Ahagua,, A(Xj=2ha;))
Using Cauchy-Schwartz, (A.1) and the restricted isometry property we have

(Ahaoua,, Ah) < 24/1 + dorellhagun, |2 (A.8)

Employing the restricted orthogonally property and (A.7) we get

<Ah’A0UA1 ) AhT) S 29u,2k7”hA0UA1 H2 (Ag)
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Using the restricted orthogonally property we get

(Ahagua, AXj=oha;) < Ok okllhagua, ll2(Zj=2llha;ll2) (A.10)

Using (A.2) we can rewrite the above inequality as

Or,2k
(Ahagua,, AXj=2ha;) < Vi haguas ll2llhruagell (A.11)

Combining (A.8), (A.9) and (A.11), we get

(1= Gan)lhagua, I3 < V1 + d21(26) lhagua, |12

Ok 2k
lhaguas ll2llf@uagelh (A.12)

VE

+ Oukllhrll2llhagua, llz + —=

By simplifying the above inequality we have

V14 09 Ou,2k . Ok 2k

h <2 2 h c A.13
|hagua,ll2 < T €+ 1 5%7 Vi — 031) lhruagell ( )
By inequality (A.3) we can conclude
Iheruagellt < VEIhagllz + 2llzzuag-lh
< VEllhagua ll2 + 2l12ruage (A.14)

We use this inequality to replace it with |[huag)e(l1 in inequality (A.13).

Vv 1+ 52 9u,2k y

h < 2— 2
l AOUA1”2 ~ b, €+ 1 — 6o
+ B2k lhagua,ll2 + 2%”%@%0)6”1
1 — bap, VE(1 — 6a1)
Simplifying the above inequality lead to
[hagua, ll2 < Fie+ By + Fyeo(T, Ag) (A.15)
where
||$(TUA)6||1

eo(T,A) =2 JA
~ 2m F o 20u,2k

1= =
1 — dop, — Ok 2k 1 — dop, — Ok 2k

~ Ok 2k
Fy= —ry¥————
1 — 6o — Ok 2k
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Here we use the previous bounds on ||hr||2, [|hagua,ll2 and [[hzuagua;)ell2 to bound [[Alf2.

Using (A.6), (A.13) and (A.2) we have

121l < {[hrll2 + [haouasll2 + Ih@uaguaells <

AV 1496 Hu,k
1——6uu(26) + q(\/aHhAouAJb

1 1
+ ﬁ“h(TUAo)CHI) + [hagua, ll2 + ﬁ“’l(TUAo)CHl

Using (A.14) and reordering the terms lead to

IRl < 25 et (2+ 1_—6u)”hAoUA1”2

Ok )Hl‘(TuA)cﬂl

-6 V&

By substitution of (A.15) in above inequality we get

+2(1+

|h|| < Cure+ Dyry + Eyreo(T, Ao)

where

0 2+ 1)6,
2k 2+ (V2+1) &

E .=
wh 1 — Ok — Ok 2 1 -0y

)

Buk
2(1 o
)+2(1+ )

A.2 Proof of Lemma 2

In this section we study minimizing the function L(b):

L) =5 1y~ Ab 1P+ 7 N br — o | 4 | bre | (A16)
We are searching the sufficient conditions under which L(b) has a unique minimizer in a way that
the unique minimizer is supported on set T'U A. For achieving this goal, first we characterize
L(b) when it is restericted to coefficient vectors supported on T"U A. Then we find the new

conditions that every pertubutotion away from the restricted minimizer increase the value of

the objective function.

We characterize L(b) over all coefficient vectors supported on 7T"U A by the function F'(b):

1 .
y — Aruabrua |I° oA | b7 — fir ||* + || bre |11
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Since F'(b) is a proper convex function then b, is a unique minimizer of F'(b) if and only if

0e 61:;—1(11’). Hence,

It Ora %% 071
(ATuaATua)be — (AToAY) + A be — A + 7 =0
Oar Oan 0A1 gA
be = Q(A) " (ATuay + MiTua — Y9TUA) (A.17)

We should develop conditions which ensure that

L(b, +h) — L(b,) > 0 (A.18)

where h is a perturbation. Each perturbation admits a unique decomposition

h=u+wv

We expand (A.18) to obtain

L(bs +h) — L(bs) =

S0y = Alu+u) — Av 2~y = Ab. [2) + 2N (oo + e — i P — || ()~ fir )
(Il (0 + w)re + v [ls = [ (0u)7e 1)

After some simplification, it gives

L(b+h)—L(b,) = L(b*+u)—L(b*)+%||Av||§—Re<y—Ab*, Av)+Re(Au, Av)+|v|1

Since by is a unique minimizer over the set TUA, therefore L(bs +u)— L(bs) > 0. This implies

that for having L(bs + h) — L(bs) > 0 to be satisfied, it is suffucient to have
Mol = Ky = Abs, Av)| = [(Au, Av)| > 0 (A.19)
Let’s focus on the second term on the left side of inequality (A.19). We can write v as
v = [Zogruabueslvlh
Where ||6]|; = 1. By using the above equation we have

Av = [ gruabuAu] vl
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Using the triangle inequality and then Jensen’s inequality we obtain

[y — Abs, 40)] < [Sgrualfol l(y — Abe, Aol < max |(y — Abs, A [l
wgTUA

To control the third term of inequality (A.19), we use the standard operator norm
[(Au, Av)| = [(A"Au, v)| < ||A" Aul[o|v][1 < 6]|A™Allsc 00|01

Where we have used ||ul|oo < d. By applying these modification in second and third term of

inequality (A.19), we can rewrite (A.19) as

- — Abs, Ap)| — 6||A* Alloo.0o > 0.
= s Ity )| = 814" Alloc el

We can select § as small as we want so the first two term of left-hand side is strictly positive
for each small perturbation h, We can conclude that for having L(b, + h) — L(bs) > 0, it is
sufficient to have

v —|(y — Abs, Ai)| > 0 (A.20)
Here we expand |(y — Aby, A;)| by subtituing b, from (A.17) in above inequality

B T — fir Or 3
(y—Aruabs, 4:)] = [(AruaQ(A) (A +v )+ —AruaQ(A) T A A )w, 4j)|
N ga

Using this we can rewrite (A.20) as

(1= A70aQ(A) grua, Ail) 2 [(AruaQ(A) T A@roa—frua)+HI—ATuaQ(A) T Aya)w, Aj)]
(A.21)
Next, we focus on the left parantese in inequaity (A.21) to bring it in a simpler form.
First, we rewrite A7uaQ(A) grua by subtituing Arua, Q(A)and grua with their correspon-

dent matrix
-1
Al Ap + M Al An OT,l
AruaQ(A) tgrua = (ATAn) g !
AT NAA ga

By using block matrix inversion and multiplying the second and third paranteses above we

have

—(ALAp + Mp) AL AN (AN M AR ga
AruaQ(A) tgrua = (ArAn) ’ g .
(A/AMAA)_lgA
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By multiplying the two remained paranteses we obtain

AruaQ(A) grua = —Ap(Ap A + Mrp) T A AA(ANMAN) " ga + Aa (AN M AA) A22)

=  MAA(AAMAA) 'ga
We use (A.22) to bound the term [{A7uaQ(A) " tgrua, A;)| in the left side of inequality (A.21)
[(A70aQ(A)  grua, Ai)| = [((MAA(ANMAA) ™) Ai ga)| = [((AAMAA) " ARNM Ai, ga)|
since ||galloo < 1 we get
[{(A70aQ(A)  grua, Ai)| < [[(AyMAx) ™ ANM A2

Therefore, we can conclude that the left parantese in inequality (A.21) is less than ERC(T, A)
where

ERC(T,A) = (1 — max [[(A\MAx)"PANM A1)
¢ TUA

Notice the fact that the (A.21) become worthless when the left parantese becomes less than
zero. So having ERC(T, A) > 0 ensures that (1 — [{A70AQ(A) tgrua, 4i)|) is positiove.

Now we consider the right side of (A.21).First, notice that
y — Ac(A) = ApuaQ(A) " Marua — firua) + (I — AruaQ(A) T A A )w

By the assumption that ||4;]| < 1 and using caushy-shwartz we have (y — Ac(A, 4;) < ||y —

Ac(A)||.-Hence, we can conclude that if

[(y — Ac(A))ll2
7= T ERC(T, A)

(A.23)

then the inequality (A.21) will be held. Thus the problem (2.3) would have a unique solution

on the set TU A if

1w — Al
= ERC(T,A)

and

ERC(T,A) >0
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We already showed the conditions which are necessary for having unique solution on the
set TU A. In the rest of this section we are going to find the error bound, ||z — |, for the

problem (2.3). From (A.17) we know the solution to the problem (2.3) is
be = Q(A) " (Auay + Mirua — vg1Un)
Thus, we have

[z = bl = |Q(A)  (vgrua + Marua — firua) — Apuaw)]|
< Q(A) tgruall + IANQ(A) Harua — firua) || + |Q(A) T AL aw|  (A24)

< A1QMA) gruall + MQA) Il wrua — Arva)ll + 1QA) | AZuallllwll

First we bound the term ||Q(A) !gruall2. By subtituing Q(A) and grua with their corre-

sponding matrix we obtain

~1
AL Ap + M ApAs 071
A —1 — T )
Q(A) “grua v )

AAT AA gn

Using block matrix inversion and multiplying the first and second paranteses above leads to

— (Al A + M) L AL AN (AWM AN) g

(ANMAA) tga

Q(A) grua =

Hence, we have

1Q(A) " gruall = \/II(A’TAT + M) P AR AN (AN MAN) T gal? + [(AyMAA) " gal?

1Q(A) gruall < \/II(A’TAT + Mr) AR AA|? + 1 (AAM Aa) " llgal (A.25)

Since ||ga|| < Vk, we have

1Q(A) gruall < \/E\/H(A{TAT + M) LA A2 + 1| (AR M AN) 7

Using (A.24) and (A.25), it gives

[ = b2 < 7\/H(A’TAT + Mp) AR AL + 1[(ARMAA)TH] + [AQ(A) ™ (zrua — frua)l

+H|Q(A) T A aw]
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A.3 Proof of Theorem 2

From the previous section we got the following conditions for the problem (2.3) to have a

unique solution

ERC(T,A) >0

[(y — Ac(A))ll2
72 TERC(T,A)

Under these conditions, the error, ||z — 2|2, of problem 2.3 will be

[l — 2|2 < 7\/||(A’TAT + M) TARAAN? + L(AAMAL) T + IMQ(A) T (zrua — Arua) |

+H|Q(A) T A aw]

First, we obtain some conditions in terms of RIP and ROP constants that leads to ERC(T, A) >

ERC(T,A) = (1 — max ||[(A\MAN)"TA\MA;|1)
1¢€TUA

Let’s bound the term ||(A\MAA) LA\ MA;|1. We know that for an arbitarily vector a we

have [lafly < y/lal[|allz, it gives

|(ANMAn) " ANMA ) < VEI(ANMAN) " AWM Ao < VEI(AGMAn) ol ANM A

We can derive that || A\ M A;|2 < 0 1+1"§ _"F; and if A > 4, +1 - —1 then (AN MAA)~ Yy <

2

0
1—90p — %. Applying these relations, it gives

u 9u1
Or1 + 4
I(ANM Ap) T ANM Ay < VE e

02
1—=0r — =5

In other word

ERC(T,A) > Hy(u,k, \)

where

ukeul

Okt ¥ 176, % (A.26)
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It means, for having ERC(T,A) > 0 it is sufficient to have Hi(|T'],|Al,A) > 0. Now let’s
find the conditions that makes H;(|T|,|A[,\) > 0.

eu,keu,l )

Or1+
1—\/E k1T 15,0 >0

02 -
1 =0 — A=8u+N)

92
Multiplying both sides with 1 — §;, — (1+ﬁh\) leads to

02 k + \/Eeu keu 1
1 _ _ _ u, ’ ) >
S — Vb1 5 20
If1 -6, — \/EHM > 0 we need
0% + VkO, 0.
1=y + A > 2k Vs
1— 6 — Vb1
N 02 1 + VEOu k1
B 1= — Vb
Thus, Hq(u,k, \) > 0 holds when
o 1— 6, — Vb
e \ > go(u, k) where
92 k + \/Eeu keu 1
u k) = 146, + —= - A27
g2(u.F) S~ (A.27)

In the next step, our aim is to bring the inequality (A.23) in terms of RIP and ROP

constants. Notice that
c(A) = Q(A) (A ay + Mirua) (A.28)

Here we are going to find an upper bound for ||(y — Ac(A))||2

1y — Ac(A))l2 < MAA7uAQA) Mllerua — Aruall + (4] — AjA7uAQ(A) ™ Ara)w) ||
(A.29)
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In above inequality we have ||Q(A)~!|2. Since |Q(A) " |2 < Amin(Q(A))) ™, we calculate the
Amin(Q(A)) in term of RIP constants.

Amin(Q(A)) = (A.30)
AfTAT + Mp A,TAA
/\mm( ) =
A Ar AWAa

AL Ap+ Xy 0 0  ALAx
Amin( T + T ) Z
0 A\ An ANAp 0
AL AT 4+ M 0 0 Al AN
/\mm( T ) + )\mm( T
0 Al A A Ar 0

We bound the first and the last term in above inequality in the following corollaries.

AiFAT + Mp 0
Corollary 1. min(1 — 0, + A, 1 — k) < Apin( )

0 I Aa

Corollary 2.

0 AlL AN
_eu,k < )\min(
A\ Ar 0
Proof:

0 AlL AN 0 AlLAA x)
Amin( = 2min . [z129] ) (A.31)

A\ Ar 0 lz1]2+llz2]12=1 A\ Ar 0 zh
(A.32)

= min T AP AATY + o AN Ara = 201 Ap Apxh > =20, ||z ||| 22|
lle1][+lz2>=1
Since [|21]|? +||z2||?> = 1 then we can conclude that ||x1]|||z2| is maximum when ||z1]| = ||z2|| =
\% so we have ||z1]|[|z2]| = 4. By using corollary 2 and corollary 1 and the assumption that
min(1 — §, + A\, 1 —6;) — 0,1 > 0, we obtain
1

(A < (A.33)

min(l — 8, + X\, 1 —6;) — Oy
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Notice that for having min(1—d,+ X, 1—0y) — 6, % > 0 we should at least have 1 — 85, — 6, 1 > 0.

Employing (A.33), we can rewrite (A.29) as follow

O (utr,1)
~— Ae(A)|| < ’
Hy c( )” = )\min(l — 0y + A 1— 5k) - 0u,k)

(1 + Qu—l—k,l(\/ 1+ 6u+k)

(min(1 — b, + M1 0p) — Oug)”

|lzruA — firuall+ (A.34)

Using (A.34) and (A.26), we can rewrite (A.23) as

v > Ha(u, k, |z7us — firuall) (A.35)
where
0 u ~ eu (\/ 1+6u+k)
At |za — firual| + (14 i Vit e
Hz(u, k) _ min(1—0y,+A,1—0)—0, 1) (min(1—0y+X,1—0x)—04,1) (A36)

eu,kau,l)

Op1+1
1— VA=

&
1=0k— =51

We have already found the conditions in terms of RIP and ROP constants which the unique
solution for the problem (2.3) is obtained. We summarize the conditions which we have already

obtained as follow
o 1— 0 — Vb
* A > go(u,k)
o v > Hs(u,k,||xrus — firua||) where go and Hy has been defined in and .

In the rest of this section we are going to get an explicit form for error bound.From the 2 we

got the following error bound for the problem (2.3)

o = &ll2 < yv/IAT (AL Az + Ar) AL Aa |2 + L[(AA M A2) ™ | + IAQ(A) ™ (erua — fizual

+[|Q(A) T A aw]| (A.37)
We have
92
/ —1 A/ 2 < u,k 1
VI(AL AT+ Ar) AL Aa|P +1 < \/ Topt
02
andIf)\Z(Su—l—i—ljg‘k
1
l(ANMAS) Y < .
1—6, — —wk
1—6u+A
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So we can conclude

VIAT (A Ar + AIp) T AR A2 + 1AM AS) Y < VR \/ V!
1_5k_"_v’“
1—6u+A

(A.38)

We saw that if A > 6, —1+

- 0k — 0y, > 0 holds, then we can apply (A.33) and

(A.38) to rewrite (A.37) as

|z — 2| <y fi(u,k,A) + fa(u, kB, N)[|[zroa — Zroall + f3(u, &, A)||w]|2

where

1
1 (u, b, \) \/'\/ S+ 1 . (A.39)
fa(u, kb, A) = A (A.40)

min(l — d, + A, 1 = 8;) — Oy,

Falu k) = VI O (A.41)

~ min(l — 6y + A, 1 —6) — Ok

A.4 Proof of Theorem 4

First, recall that u; := |T;| and k; := |A¢|. The proof follows using induction. Using
condition 5 of the theorem, the claim holds for ¢ = 0. This proves the base case. For the
induction step, assume that the claim holds at t — 1, i.e. |T;—1] < Sp,|Ar—1] < S and ||x¢—1 —
Zy1]] < Csy,5,€ + Dsg,,5,7- Using these assumptions we prove that the claim holds at .
First, notice that condition 2 of theorem states that v = Cg, g,€ + Dg, 5,7 + V2dS,r. We
claim that under conditions 1 and 2 of theorem we have ||z; — #;—1|| <. This is true since by
Proposition 2 and the assumption of induction, we have ||x;—2;_1|| < ||zt—1—2¢—1]|+v2dS,r <
Csy.5.€ + Dsy 5,7 + V2dSar = 7. Note that Dg, g, < 1 is necessary for having condition 2. It
can be shown that Dg, g, < 1 is equivalent to 1 —dag, — s, 25, —2(2+ %ﬁ)ﬁgo,gsl > 0.
This holds since condition 1 holds.

Now for the rest of proof if we show that u; < Sy and k; < Sp, then Theorem 1 can

be applied and we are done. That is because by condition 1, we can show that §,, < 1,

ichsare the first two requirements for applying Theorem 1. Condition
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2 and the above discussion ensures that the third requirement of Theorem 1 holds.

First, notice that employing Proposition 1 and condition 3 and 4 of the theorem and by
the assumption that |[x;—1 — &¢—1]] < Cs,.s,€ + Ds,,5,7, we can conclude that at time ¢ — 1, all
the elements greater or equal to dpr will be get detected n the support update step, i.e. when
computing T,_1. Thus, the missed set, |At_1| < (2dy — 2)S,. Also, notice that by Proposition
2 and the assumption of induction we can conclude that at time ¢ — 1 no zero value element
of xy_1 will be get detected as an element of Tt_l, in other word Ae,t_l = 0. From Algorithm
1 we remember that T} = Tj_1 and u; = ]Tt_1|. Since Tj_1 = Ny_1 U Ae,t_l \ A;_1, we have
U = |Tt_1| < |Np—1| + |Ae,t_1|. We know that |[N;—1| = Sp and |A.;| = 0 . Hence, it implies
that u; < Sp.

Also, Ay = Ny N th_l = (N1 UA)NRYN th_l C (At_l U A;) N Ry. Here we have used the
facts that Ny = (Ny—1 U A;) N Ry and A4 =Ny ﬁth_l. So we have A; C (At_l UA)NRE C
(St—1(do) U A¢) N RE. Therefore, ky = |A¢| < [Si—1(do)| + |Ae| — |Re| = (2do — 2)S, = Sh.
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